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Maths Lab: Wordings

Maths Lab: Elements of solution

Multiple Choice Questions

1
(A5
1 n+1
Notice that for all strictly positive integers #, 1 + — =
" 7
1 1 1 1 1 3 4 2007 2008 2008
Thus |1 +—[|1+—-[|1+—|... |1 +— [[1+—|=—X—X...X X = =1004.
2 3 4 2006 2007 2 3 2006 2007 2
The sum of the digits of the product is 5.
2
©
x+y

The second sweet drawn is red if the first sweet drawn was red and the second sweet drawn is red or if the first sweet
drawn was green and the second sweet drawn is red.

The first sweet drawn is red with the probability

X+ y
Then the bag contains x + y + 10 sweets whose y + 10 are red.
y+10
The probability to draw a red sweet, the second time, assuming that the first sweet drawn was red, is then o
x+ y+1

Finally, the probability to draw a red sweet the second time and a red sweet the first time is given by
B y+10
X

x+y x+]+10.

X

The first sweet drawn is green with the probability
x+y

Then the bag contains x + y + 10 sweets whose y are red.
The probability to draw a red sweet, the second time, assuming that the first sweet drawn was green, is then
)/
x+ y+10
Finally, the probability to draw a red sweet the second time and a red sweet the first time is given by
x J
X .
x+y x+y+10

Therefore, the probability to draw a red sweet the second time is given by

X y ¥ y+10 J(lx+ y+10) y
X + X = = .
x+y x+y+10 x+y x+y+10 (x+ ) (x+y+10) x+y
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3
Ao
Notice that 999...999 =9x111...111 and 333 ...333 =3x111...111.
2008 <9 200851 2008 <3 20081
Or 111 ...111 is divisible by 11: 111 ...111 =11x1 000....000 + 11x1 000 ...000 + ... + 11.
2008 <1 2008'5 1 200650 200450
Then 999...999=9x111...111 and 333 ...333 =3x 111 ...111 are divisible by 11.
2008 <9 2008's1 2008'53 2008 <1
Hence (999 ...999)*"" — (333...333)™" = (11 x £)*" — (11 x &))" = 112" (£207 — (£')*""7) is divisible by 11.
2008' 59 2008's3
4
D) 25%
It is clear that the quadrilateral XYZW is a parallelogrtam (I arignon's theoren: the quadrilateral formed when the midpoints of
the sides of a convex: quadrilateral are joined in order is a parallelogram) and that wherever the point P is on the line YZ, the area
of the triangle PXTV is half the area of the parallelogram XYZW.
They share the same height.
As the center O of the parallelogram ABCD is also the center of the parallelogram XYZW , we can affirm that the
triangle OXW is the image of the triangle BYZ by translation of vector BO. Then they have the same area.
The same for the triangle OYZ and DXW.
Using the translation of vector .4 O, we obtain that the triangles AXY and OWZ have the same area and the triangles
OXY and CWZ also.
Finally the area of the parallelogram XYZIV is half the area of the parallelogram . ABCD.
The triangle XWP is the 25% of the area of the parallelogram ~4BCD.
D w
x !1
5

(E) 150°

As L QPS=LRSP=060° naming A the intersection of the lines PQ and SR, the triangle APS is equilateral.
Thenas AP=.A485=PS5=060andas P 0=40, 4 0=20andas § R =20, .15 =40.

Let BQ and CR be the parallel lines to PS through R and Qwith B on A4S and C on AP.
Then corresponding angles being equal, we deduce that the triangles .AQB and ACR are equilateral with respective
side length equal to 20 and 40.

1
Then 40=0C=- AC.

Line QR is the median through the vertex R in the triangle ACR.
As ACR is equilateral, it is also the height and so it is perpendicular to the side AC.
We have LP QR =90°.
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60°

4 N
We deduce L CR 0=30°then L QRS=L QRC+LCRS=30°+(180°-60°)=150°.

(A) 14
We have 2007 = £X N + 5 then £xX N = 2002.
It follows that N is a divider of 2002.

Or2002=2%x7%x11x13.
The list of the dividers of 2002 is {1; 2; 7; 11; 13; 14; 22; 26; 77; 91; 143; 154; 182; 286; 1001; 2002}.

But N = 5(in fact ortherwise, there can't be 5 soaps remaining). There are 14 possible values of N.

(B) 50199

Knowing the rules of multiplication, the last 2 digits of 7” are given by the last digits of 7"~! multiply by 7.

We have:

T'=7,72=49,77=243, 7" =Px7=(...43)x7=...01, 7 = (...01)x7 = ...07, 7° = (...07) X 7 = ...49 and so on.
thus the last two digits of 77 are 07; 49; 43; 01 beginning at # = 1.

They ate repeating in loops of 4.

As 2007 = 4x501 + 3, the the sum @ + ay + ... + a7 is given by (07 + 49 + 43 + 01) X501 + 07 + 43 + 49 = 50199.

D) 31

Knowing that the area of a triangle is given by A =b¢ sin(A) where b et ¢ are the length of the adjacent sides to the

vertex A, and A the angle at the vertex .4, we obtain:

1

A 4po = 0A x 0 Bxsin(135 °)
1

A apo = 0A x 0 Dxsin(45°)
1

V/(BC() =E OB XOCXsin(45 0)

1
Acpo =E O C X0 Dxsin(135°).

V2
As sin(45 °) = sin(135°) = 7 s
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ThU.S V/{ABCD:
—;xg X(OAXOB+0AX0OD+ OB><OC+OC><OD):% (OAX(OB+0D)+0CX(OB+0D))
_ _ p _V2 V2
AsOB+OD=BD and OA+OC_AC,V/{ABCD_—4 (OAXBD+O0CXBD)=~~ ACXBD.
AB+CD?>—- AD?>-BC?

2 cos(45°)

Lets show that ACXBD =

Using the cosines law in a triangle:

AB=0A2+0B-20AXx0Bcos(135°) = 0 A%+ O B2+ 2 0 Ax O Bcos(45°)
AD?*=0 A2+ 0D*-20 Ax0 D cos(45°)

BC?=0B*+0C?-20Bx0 Ccos(45°)

CD?2=0C2+0D*-20Cx0Dcos(135°) = 0C2+ OD?+20CXx0 D cos(45°).
Thus:

OA2+0B+20.A4x0 Bcos(45°)
+0C?+0D?*+20CX0Dcos(45°) .
—0OA2-0D*=20.Ax0Dcos(45°)
—OB2+0C2-20BX0C cos(45°)

AB+CD*— AD?>-BC?=2c035(45°) (0 AXOB+ 0 AXOD+ OBXOC+ 0OCX0D)=2cos(45°) ACXBD.

ABR+CD?>— AD*-B(C?=

V2 ABR+CD2- AD2-BC? 1

Therefore, A =—X =—(AB*+CD?>- AD>-B(C?).
ABEDT 2 cos(45°) 4( )
V2 1 V21 2 1
Infact —X——mm =——X—— =— = —.
4 2cos(45°) 8 Yz 8 4
2

1
Finalement A 4pcp = :t (102 +82 62— 22) =31,

Remarks:
We therefore demonstrate 2 formulas for the area of a quadrilateral:

A = :1 (bz +d? 4% - [2) tan(6), where 4, b, ¢ and d are the lengths of the sides of the quadrilateral and 6 is the angle

between the 2 diagonals, "looking at" the sides of length @ or .

1
A = E 2 ¢sin(f) where p and g are the lengths of the diagonals, and 6 the angle formed by these two diagonals.

(©) 135°
Difficult.

Lets note ¢ th length of the side of the square,# =L P ABand x=L.4PC.



Lfs Maths Lab, SMO Senior |5

acos(ax)

E ul P

asin(o)

c-acos(a) 2a c-acos(x) 3a

asin(a) G c-asin(a)

The laws of cosines gives:
AB2=P A2 +PB>-2P AXPBxXcos(L APB): 2=a%+ 4 a* — 4 2% cos(x) = 5 a* — 4 4> cos(x).
c\2
si-2 5-(2)
Thus cos(x) = = .
44 4
So we have to find the ratio between ¢and a.
The difficulty lies here to link the 3 conditions: @, 2 2 and 3 a.
One must know that an angle is determinate knowing its cosinus and its sinus.

The law of cosines in triangle APB also gives:

2 =34
(2a)P =2+ a*—2accos(@) so cos(@) =
2ac

Introducing the angle @ = L P A4 C, and projecting P on sides 4B and BC, we built rectangle triangles, whose sides can
be expressed using 4, ¢ and .

The Pythagoras theorem in triangle PGC gives:

(3a)° = (¢ = acos(@))* + (¢ — asin(@))*.

942 =2 =2 accos(@) + a® cos?(@) + 2 — 2 a ¢ sin(@) + 42 sin(a).

202 -84 202-84 -3+ P-54°
Knowing that cos? + sin® = 1, it gives sin(@) = ————— — cos(a) = - =
ac 2ac 2ac 2ac
2=3a
cos(a@) =
. . 2ac
The angle « is then given by .
2 =54
sin(a@) =
2ac

2=34 )2 ([2—5 i )2

As again, cos?(@) + sin’(@) =1, numbers « and ¢ verify ( o

=1, which gives

2ac

(52—342)2+(52—542)=44202 then 2¢* =162 2 +344* =442 and finally *—10422+174*=0 or

c\4 c\2

(—) —10(—) +17=0.
a a

Note:

We call such equation biquadratic equations.

c\2
Lets note X = (—) , then X is solution of the quadratic equation X2 — 10X + 17 = 0.

a

The discriminant of this equation is A = (10)> = 4x17 =32>0.

—(-10) - V32

2
The equation has 2 solutions: X4 =f =5-24/2 <1andX2=5+2\/?>1.

c\2 c\2
Thus(—) =5—2\/;0r(—) =5+24/2.
a a
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c c\2
As ¢>a,— >1 and then the only possibility is (—) :5+2\/;.
a a

5- (<) 5-(5+2v2) V2
,cos(x)zf 2—7.

Finally as cos(x) =

It falls x = 135°.

Note:
For all quadratic equations with the form ax? + bx +¢=0, 2 # 0, x € R, we know that:
The equation has:
-b—VA -b+ VA

« 2 distincts solutions if and only if A = 4> — 4 4 ¢ > 0 which are x; = 2— and x, = 5
a a

b
* 1 solution if and only if A = 0 which is xy = ——;
2a

* no solution if and only if A < 0.

2a 4a ]

asx?+bx+c=alx—x) (x — x,) (factored form for A > 0) or ax? + bx + ¢ = a(x — x)* (factored form for A = 0).

b\ P—4ac
Lets also remember that ax? + bx + ¢ = a[(x - (—— ]J ——— | (canonical form), and in the good cases

Short Questions

10
E)7
We have #2 =121+ 27 = (n — 3) (n = 9).
A number is a prime number if and only if his only divisors are 1 and himself.
Therefore, #> — 12 7+ 27 is a prime number if and onlyif 7—3=10or —lorz—9=1or — 1 and (= 3) (= 9) > 0.
Then 7 =4 (impossible because 4 — 3 >0 and 4 — 9 < 0) or #» =2 or » = 8(impossible because 7 — 9 <0 and 7 — 3 > 0)
or n=10.
For n=2,22—12x2+27 =7 and for n=10,10* = 12x10 + 27 = 7.
7 is the largest prime value possible.
11
Informations:
log , for all strictly positive real 4, « # 1, called logatithm of base « is the function such as y =log (x)&=x=4a’.
We can then notice log (x) =0 if and only if x = 1 and log (a) = 1.
A fundamental property is: log (x y) =log (x) +log ().
A consequence is log_(x") = #log (x). In particular log (4") =#.
We have:
. log2[10g3[10g4(¢z)” =0 then loga[log4(¢z)] =1and log,(«) = 3. Finally a = 43 = 64,
+ log,[log,,[log,()]| = 0 then log,,[log,,(4)] = 1 and log,,(4) = 4. Finally b = 2* = 16.
. log4[log2[log3(f)]] =0 then 10g2[10g3(b)] =1 and log ,() = 2. Finally ¢ = 3* = 9.
We obtain a + b+ ¢ = 89.
12

The unit digit of a product is given by the product of the unit digit of the factors.
Therefore:
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+ the unit digit of 17" is the unit digit of 717.

Or7'=7,72=..9(7x7=49), ’=...3(9X7=063), 7*=...1(3x7=21), 7°=...7(1X7 = 7): we have a loop of
length 4.

As 17 =4x4 + 1, we deduce that the unit digit of 177 is 7.

+ the unit digit of 19' is the unit digit of 9'°.

Or91=9,92=...1(9%9=81),9°=...9(1x9=9), 7= ...1 (9% 9 = 81) : we have a loop of length 2.

As 19 =18x2 + 1, we deduce that the unit digit of 19'” is 9.

* the unit digit of 23 is the unit digit of 3%.
Or31=332=..9(3x3=9),3=...7(9x3=27),3*=...1(7x3=21),35 = ...3(1X3 = 3): we have a loop of 4.

323

As 23 = 5X4 + 3, we deduce that the unit digit of 23*” is 7 (the third place in the loop).

Thus the unit digit of 17" x 19" X 23% is the unit digit of the product 7x9X7 = ...1.
1is the unit digit of 177 x 19" x 237,

(x+ 92 =x2+2x y+ PP thus x2 + )2 = (x + 3)> = 2x y =122 = 2x50 = 44,

Informations:

The notion of exponant can be generalized to whatever real applied to at least all positive real.
For a, b reals, and x, y positive reals:

* x’=0if and only if x =0 and z # 0.

e x“=1if and only if x = 1.

v J/a — (X}/)”.

o 5l b = poath,

o (x)! = x4, In particular (x“)_: = x and (x_a )a = x for all real @ # 0.

Let's extract the exponant.
A common way to extract an exponent is to use the logarithm: log (x”) = #log_(x).

As (21.4)" = (0.00214)’ =100 and as 0.00214221.4)(10_4, it looks interesting to use log,, as
log ,,(10") = #log, ,(10) = 2.

(it is one of the most interesting property of log ).

2
log ,((21.4)") = alog ,(21.4) or (21.4)" = 100 then alog (21.4) = log,,(10*) = 2: 4 = ———.
log(21.4)

log ,,((0.00214)") = blog, (21.4x107*) = K(log ,(21.4) + log ,(107*)) = H(log ,,(21.4) — 4).

2
As (0.00214)? = 100, we obtain b(log10(21.4) - 4) =2thenb=—"—"—.
log,(21.4) — 4

Finally we have:
1 1 log,,(21.4) log,,(21.4)-4 4

— _ =—=2

a b 2 2 2

Notes:

sin(—a@) = —sin(a) cos(—a) = cos(@)

sin(180 ° — @) = sin(a@) cos(180° — @) = —cos(@)
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sin(180 ° + @) = —sin(@) cos(180° + @) = —cos(a)
sin(360 ° — @) = —sin(@) cos(360° — @) = —cos(a)
sin(90 ° — @) = cos(@) cos(90 ° — @) = sin(a@)
sin(90 ° + @) = cos(a) cos(90° + @) = —sin(@)

cos(a + ) = cos(@) cos(B) — sin(a) sin(B)
cos(@ — B) = cos(@) cos(B) + sin(a@) sin(B)
sin(a + B) = cos(@) sin(B) + sin(a@) cos(pB)
sin(a@ — B) = cos(a@) sin(B) — sin(a@) cos(B)

Therefore:
100 (sin(253 °) sin(313 °) + sin(163 °) sin(223 ©)) = 100 ((—sin(73 °)) (—sin(47 °)) + sin(17 °) (—sin(43 °)))
100 (sin(253 °©) sin(313 °) + sin(163 °) sin(223 ©)) = 100 (sin(73 °) sin(47 °) — sin(17 °) sin(43 °))
100 (sin(253 °) sin(313 ©) + sin(163 ©) sin(223 ©)) = 100 (cos(17 ©) sin(47 °) — sin(17 ©) cos(47 °))
100 (sin(253 °) sin(313 °) + sin(163 °) sin(223 ©)) = 100 sin(47 ° — 17 °)
100 (sin(253 °) sin(313 °) + sin(163 °) sin(223 ©)) = 100 sin(30 °)
1

100 (sin(253 ©) sin(313 °) + sin(163 °) sin(223 °)) = 100 XE

100 (sin(253 ©) sin(313 °) + sin(163 ©) sin(223 °)) = 50.

16
Suppose all the letters distincts.
Then we have 4 vowels and 7 consonants.
As the 4 vowels are the first 4 letters, we can treat the problem as if we have 2 words: one with the vowels and one
with the consonants.
We then have 4X3x2x1 =24 possibilities of words with 4 distinct vowels and 7X6X5X4x3x2X 1 = 5040 possibili-
ties of words for 7 distincts consonants.
24
As 2 vowels are identical, each word is counted 2 times: we then have — = 12 distincts words of 4 vowels, with 2
vowels identical.
As 2 pairs of consonants are identical, each word is counted 2X 2 = 4 times.
5040
We then have = 1260 words of 7 consonants, with two pairs of identical consonants.
Finally we have 12X 1260 = 15120 distinct arrangements.
17

As a+c¢=2b,then a+ ¢is even.
Therefore or 4, ¢ are both even or 4, ¢ are both odd.
There are 100 odd numbers and 100 even numbers in S.
100%x99

There are 100X 99 ways to choose two distinct numbers among 100 considering the order, and then ways to

choose two distinct numbers among 100 not considering the otder.

Considering that whatever choice of the numbers « and ¢ in 5, having the same parity, it exist a number & in S as
a+c¢=2b(in fact a + ¢ <400 and 4 + ¢ is even so the half of 2 + ¢ (b is an integer < 200) and conidering that # and ¢
10099

being choosen, & is determined, there are for each parity of z and ¢, choices possibles.

100x99

Finally there are 2X = 9900 choices possibles.

18
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For all real x and all odd integer 7, x” + 1 = (x + 1) (x"~! = x""2 4+ ... — x + 1) (The factor theorem).
In fact (x+ D ("1 =24 . —x+D=("—x"1+x"2 =2 +2)+ (" =x"24+ . +x2—x+1): the
terms simplify 2 by 2 except for x” and 1.

S02% +1=(29)" +1=(25+ )x N avec N = (29" - (25 + (2)* — ... + (25> = 25 + 1.
Or2°+1=32+1=33.

33 divide 2% + 1.
The remainder is 0.

19
Let 7 et m be these 2 numbers with 7 > .
We have # — m = 58.
We also have #2 — #2 = (n— m) (n + m) =58 (n + m) is a multiple of 100, as the 2 last digits of the squares of these two
numbers are the same, the last 2 digits of the difference between the 2 squares are 00.
Then 58 (7 + 7) = 100 £ d'ot 29 (# + m) = 50 k.
Since 29 and 50 are coprime, therefore 50 divide 7 + : it exists an integer positive p as # + m = 50 p.
Keeping in mind that # and  are 2-digits numbers, 7 <99 and 7 < 99 so # + m < 200.
Though, # + 7 =50 ot #n + » =100 or # + m = 150.
If n—m=58and n+m=50,2n=108 so » =54 and = = —4 < 0: impossible.
If n—m=58and n+ m =100, then 27 =158 so n="79 and » = 21.
If n—m =58 and n + m = 150, then 2 » = 208 so 7 =104 > 99: impossible.
Only one solution remains possible: # =79 and 7 = 21.
The smaller number is 21.
20

Notes:
sin(2 @) = 2 cos(a) sin(a) co8(2 a) = cos?(a) — sin(a) = 2 cos2(a) = 1 = 1 — 2 sin’(4)
sin(90 ° — @) = cos(a)
1
sin(30°) = —
2

1
256 5in(10 ) sin(30 °) sin(50 ©) sin(70 ©) = 256 sin(10 °) XE X cos(40 °) X cos(20 ©)

256 sin(10 °) sin(30 °) sin(50 ©) sin(70 °) = 128 sin(10 °) cos(20 °) cos(40 °)
128 5in(10 °) X 2 cos(10 °) X cos(20 °) cos(40 ©)
256 sin(10 °) sin(30 °) sin(50 °) sin(70 °) =

2 cos(10°)
64 s5in(20 °) X cos(20 °) cos(40 °)

. cos(10°)
6422 o5(40°)

256 sin(10 °) sin(30 °) sin(50 °) sin(70 °) =

256 sin(10 ©) sin(30 °) sin(50 °) sin(70 ©) =

cos(10°)
32 sm(io )
256 sin(10 °) sin(30 °) sin(50 °) sin(70 °) = ———
cos(10°)
16 cos(10°)
256 sin(10 °) sin(30 °) sin(50 ©) sin(70 °) = ———
cos(10°)

256 sin(10 ©) sin(30 °) sin(50 °) sin(70 ©) = 16.

21
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2+V3 ) =(4+4V3 +3)(2+V3 )= (7+4V3 ) (2+V3)=14+8V3 +7V3 +12=26+153.

Knowing that V3 ~1,73,25<15V3 <26 then 51 < (2 + \/?)3 <52.

Otherwise, (2+V3 ) +(2=V3 ) = (26+15v3 )+ (26— 15V3 ) = 52.
Infact (2= V3 ) = (4=4V3 +3)(2=V3 )= (7-4V3)(2-V3)=14-8V3 -7V3 +12=26-15V3.

Thusas 0<2 V3 <1,0< (2= V3 ) <1 so that we have 52— 1< (2+ V3 ) <52

3
The greatest integer less than or equal to (2 + \/?) is 51.

22

Method 1:

The numbers x, x5 and x5 are roots of P(x) = (11 — P+ (13-x)>—-24-2x)1=0.

So we know that P(x) = a(x — x1) (x — x3) (% — x3) where a is the coefficient of the term in x°.
Expanding (11 —x)* + (13 —x)> — (24 - 2x)>, we have P(x)=6x>—216x%+.... Then =0, hence
P(x) =6 (x—x1) (x — x5) (x — x3) = 653 = 6(x1 + x5 + x3) x* + ... expanding the factored form.

216
So we deduce that xq + xy + x5 = 7 = 36.

Method 2:

Leta=11-xand b= 13 — x. The equality gives &* + & = (a + b)°.

Soas(@+ b0’ =2 +32b+3alP+ 0, abla+b)=0.

a=0gives x =11, b =0 gives x = 12 and finally 2 + & = 0 gives x = 12.

So the sum of the roots is 11 + 12 4+ 13 = 306.

Remark:

The method 1 uses a general result on polynomials.

A 7-degree polynomial in the real field is an expression of the form P(x) =a,x" + a,_; X" ' + ... + a1 x + a with
a;eR,1<i<nanda,+0.

A root of a real polynomial is a real value x| such as P(x) = 0.

If x is a root of the polynomial P(x) then P(x) = (x — x1) O(x) where O(x) is a (7 — 1)-degree polynomial.

We demonstrate that a #-degree polynomial has at the most # roots.

Notice that all #-degree polynomial doesn't have # roots (for instance x? + 1 is a 2-degree polynomial and has no real
roots).

In case that the #-degree polynomial P(x) has # roots then P(x) = a,(x — x1) (x — x3) ...(x — x,).

Developping this expression, we obtain:

Plx)=a,x" —a(x1+ ... +x)x" Pt a,(xpxp+ oo+ 5,00 5, ) X2+,

sum of the roots sum of the products of the roots
taken 2 by 2

vt a (XX, XL X)) Xt a, g XX,

sum of the products of the roots
taken (#—1) by (#—1)

We so have a direct relation between the roots and the coefficients of the polynomial.

For a quadratic (2-degree) polynomial with 2 roots:

P(x) = ay 5% — ay(xcq + x0) x + ay xq x5

For a cubic (3-degtee) polynomial with 3
roots:
P(x) = a3 53 — as(oc) + x5 4 x3) 5% + as(x) x5 + X1 X3+ X5 x3) X+ a3 X1 Xp X3

For a 4-degree polynomial with 4
roots:



Lfs Maths Lab, SMO Senior |11

P(x) = ayx® —ag(ocy + x0 + x5+ 54) X2+ ay(oc) xp 4 51 53+ 51 X4+ X553+ X0 x4 + X3 5x4) X2

Fas(ocg g x4 3] Xo X4+ X1 X354+ X0X3X,) X+ d3X] Xy X5Xy

And so on...

23

We easily deduce that L ACB=70° LM AC=20°and L M CB=40°.

Lets introduce the point O center of the circumscribed circle of the triangle.

As O is the center of the circle and L B4 C and L B O C intercepting the same chord BC, using the theorem of the
inscried and central angles, LBOC=2LB.AC=2x30°=60°.

As OB = 0 C, the triangle OBC'is isosceles and as L BO C = 60 °, the triangle OBC is equilateral.

Thus LOCB=L0OBC=60°and then LOC A=70°-60°=10°and LOB.A=80°-60°=20°.

As L O C .A=10°and the triangle OAC is isosceles, L C A0 =10°.
As LCAM=10°and L C A0 =10°, the points A4, O and M are on the same straight line.

As L A0C=160°then L COM =20°.
AsLOCM=30°and LOC A=10°,LMCO=20°.
The triangle MCO is isosceles in M.

So M O=MC and BO = BC so line BM is the perpendicular bissector of line segment OC.
As triangle OBC'is equilateral, line BM is also the angle bissector of L O B C.
Therefore LOBM =1L MBC =30°.

Finally L BM C=180°-40°-30°=110°.

Note:

We easily deduce relations between the unknown angles L AM B, L ABM, L MBCand L BM C.
But we always miss a relation to give a conclusion.

The relation is hereby obtained using the point O.

The angle L B4 C =30 ° is determinant: it gives this special configuration of triangle OBC equilateral.

24

Note:
For all real x, [x] is the integer part of x; it is define as the greatest integer less than or equal to x.
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It is the unique integer such as [x] < x < [x] + 1.
7 nocn ] n n
We know [—] <-, [—] <-—and [—] <-.
2 2 13 3 6 6
” ” 7 7 ” 7 non on ” n
So [—] + [—] + [—] < and as first [—] + [—] + [—] = and second — + — + — =7, we can assure that [—] =-,
2 3 6 2 3 6 2 3 6 2
n n n n
£ el
3 3 6 6
” ” ” n ”
In fact if any of [—] is different from —, then it will imply that [—] + [—] + [—] <.
i i 2 3 6
n " 7
As [g] eNand as [E] = g, 6 is a dividor of # (also 2 and 3, but 6 =2X 3, so 6 is the most restrictive condition).

Or 2007 = 334X 6 + 3, so there are 334 multiple of 6 less than 2007.

n n n
There are 334 positive integer # less than 2007 such as [5] + [g] + [g] =7

25

b a

c—a b+e¢
Developping, we obtain &® + * — > = —a b.

The equation = limplies ¢ — @ # 0 and so is equivalent to &(b + ¢) — a(¢c — a) = (¢ — a) (b + ¢).

N n Iy e
Applying the law of cosines to A A4 B C, we also have ¢ = &> + > = 2 a b cos(C) so cos(C) = Z—b
a

N 1
Thus combining the 2 results, cos(C) = ——.

Therefore C = 120°. (it is necessarly the greatest angle).
So the value of the greatest angle of A 4 B C is 120°.

26

N is divisible by 10 or 12 is equivalent to IN is a multiple of 10 or a multiple of 12.
2007 = 200X 10 + 7: thus there are 200 multiples of 10 between 1 and 2007.
2007 = 167X 12 + 3: thus there are 167 multiples of 12 between 1 and 2007.

Remains to count how many multiples of 10 are also multiples of 12.
As 10 =2x5 and 12 = 22X 3, a common multiple of 10 and 12 is a multiple of lem(10, 12) = 22X 3X 5 = 60.
Given that 2007 = 33X 60 + 27, there are 33 multiples of 60 between 1 and 2007.

Therefore the inclusion-exclusion principle gives that the number of multiples of 10 or 12 (or both) between 1 and
2007 is 200 + 167 — 33 = 334.

27

We have (x — a) (x — b) = x* + xsin(@) + 1 and (x — ¢) (x — d) = x? + x cos(a) — 1.
ab=1 {£d=—l

Developping the factored expressions, we deduce: { it b= —sin(@) and r 4 d = —cos(@)

(so a, b, ¢ and d are all

nonzero).

1 1
Thoughs=—and ¢ =—.
b d



1 1 1 1
Thus — +— 4+ — +— =P+ 2+ 4%+ A2
R £

Hence (¢ + 0> =a? +2a b+ 12,
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2+ 17 = (=sin(@))? — 2 x 1 = sin*(@) — 2 and similatly 2 + 42 = (—cos(@))> = 2X (=1) = cos*(@) + 2.

1 1 1 1
Finally — + — +— +— = sin?(@) — 2 + cos®(@) + 2 = cos?(@) + sin*(a) = 1.
2 P2 4

28
Lets observe that the sequence (a,) is periodic.
®aq :2,
142
ey = —— :—3,
T2
1-3 1
e gy = — :——’
T143 2
1 1
=5 3 1
'g4= = — =—,
1r 3 3
I+5 3
1 4
1+§ 3
*a5= = — :2:41
11 2
33
So we can deduce, by induction, that the sequence () is periodic with period 4.
Thus:

1
cifn=4+ka,=—,

3
cifn=4k+1,a,=2,
cifn=4k+2a,=-3,

1
cifn=4k+3,0,=—.
2
1
As 2007 = 501 X4 + 3, then a,qp7 = _E and so —2008 a7 = 1004.
29

We have:
(x+ )= (% + 57 2+ )P = (x— )
X )= 5 or x y= 5 .
U+ =P+ P+ -(-)7?
JR= 5 ory= 5 :
(+2 = (P +2) (2420~ (=)’
xz: ()I‘X{Z .
2 2
So

d=xy+yy +xg=
IR xR 5 > .

(x+ )+ +°+ (g +x)°
2

- (¥ + 2 +2)

(x+‘)/)2—(x2+y2) +(]+z)2—(y2+z2) . (x+z)2—(x2+z2) ~

or
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(=P + (- +(g—x)1

d=xy+yz +xg:(x2+j2+zz)—

2
Thus:
(et P+ + P+ g+ )
Mt Pagt= 5 — 4 = —4: this is not really convincing as x% + 3% + 32 = 0.
or
L, L, = PO RN . , .
P+ P tt= + 4 = 4: this is more interesting.

2
The least possible value is 4.
Remark:
We could have thought to use (x + y+ {)2 =x?+ P+ 22 +2(x y+ yg+ g x) but it gives also an unsatisfactory
result: x% + y2 + 3% = —811.

30

Note:

n(n+1)

2

Itis of commonusethat 1 +2+ ...+ #=

Lets count the cases.
Asay+6=<a,+3,a1+3=<a,.
Asa;+6=<a3<15s0a;<9:a;€({1;...;9}.
Asa,+3<a3;=<15s0a,<12:a,€{l;...;12}.
Suppose a1 =1, then a, = 4: a, € {4; ...12}.
* Suppose then ay =4,as ay + 3 <a3,a3=7:a; €{7;...;15}.
All the triples (1;4; a3} with a5 € {7; ...; 15} ate solutions: there are 9 triples.
* Suppose then ay =5,as ay + 3 <a3,a3=8:a; € (8;...;15}.
All the triples (1; 5; a3} with a5 € {8; ...; 15} ate solutions: there are 8 triples.
* Suppose then a, = 6,as ay + 3 < a3,a3=9:a; €{9;...;15}.
All the triples (1; 5; a3} with a5 € {9; ...; 15} ate solutions: there are 7 triples.
... and so on until
* Suppose then ay =12,as ay + 3 < a3, a3 = 15: a5 € {15; ...; 15}.
All the triples (1; 12; a5} with a5 € {15; ...; 15} ate solutions: there is 1 triple.
9% 10

Finally thereare 9+ 8+ 7+ ... + 1= = 45 triples solutions with @ = 1.

Suppose a, = 2, then a, = 5: 2, € {5; ...12}.
* Suppose then ay =5,as ay + 3 < a3,a3=8:a; € (8;...;15}.
All the triples (2; 5; 23} with a5 € {8; ...; 15} ate solutions: there are 8 triples.
... and so on until
* Suppose then ay =12,as ap + 3 < a3, a3 = 15: a5 € {15; ...; 15}.
All the triples (2;12; a3} with a5 € {15; ...; 15} ate solutions: there is 1 triple.

8x9
Finally there are 8+ 7+ ... + 1= T = 306 triples solutions with @ = 2.

We proceed in the same way until @ = 9.
Then there is only one triple (9; 12; 15) solution.

We finally get:
9%x10 8X9 TX8 6X7 5%x6 4x5 3x4 2x3 1x2
+— +—+— +— +—— +—— + —— + —— = triples solutions.
2 2 2 2 2 2 2 2 2

45+36+28+21+15+10+6+3+1=165
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31

The binomial formula gives:

(x+ Pt =xt+453 y+6x2 P +4dx P+

(v= )=t =453 y+ 652 2 —dx P + yh

So:

(x+)/)4+(x—j)4=2x4+12x2y2+2j4

As we know that (x+ )/)4 + (x — )/)4 4112, we deduce that 2x*+12x% 2 +2 y*=4112 so
x*+6x% 2+ y*=2056.

Then (x? — jz)z =x*—2x% )2+ y*soas x? — j2 =16, we obtain x* —2x2 )2 + y* =16 = 256.
Substituing x* + y* by 256 + 2 x? 32, we obtain 8 x? y% + 256 = 2056 so x? y? = 225.

Yet, (x2 + 12)° = (x2 — 12 + 452 )% = 16 + 4% 225 = 1156.
Thenx2+j2=\/ 1156 = 34.

32

sin(8 .A) cos(A) — sin(A)
As tan(8 A) = —, tan(8 A) = ————— gives sin(8 A) (cos(A) + sin(A)) = cos(8 A) (cos(A) — sin(A4)).
cos(8 A) cos(A) + sin(.A)

So sin(8 .A) cos(A) + cos(8 A) sin(LA4) = cos(8 .A) cos(A) — sin(8 .A4) sin(.A).

Hence sin(9 A) = cos(9 A) and finally tan(9 A4) = 1.

Yet tan(a@) = 1 if @ = 45 ° (modulo 180 °).

As a result, assuming A4 > 0,9 .4 = 45° and then x = 5 is the smallest value possible.

33

We k b 4l = n—r ifn=k

¢ know that |7 = W- = k) =k—n iEn<k

First case: #» = 100.

100 100 100x 101

> n—/é‘ =Z(n—@=(n—1)+(n—2)+...+(n—100)=1oon—T=100n—5050.
k=1 k=1

The minimum is cleatly occuring for » = 100 and worth 4950.

Second case: 7 < 100.
100 100

Z‘ﬂ—é‘ Z|n—/é| Z‘n—é‘ (ﬂ—k)+ Z(/é—ﬂ)

k=n+1 k=n+1
=D+ ...+n=—n)+n+1-n)+ ... +(100—ﬂ)
100 100% 101
§S|n—k|=m—1)+”.+0y+w+1)+.“+100—nxuoo—n)=——?r—-—n+n2—umn=n2—unn+50ay
k=1 100 premiers entiers sauf #

We then know that the minimum of a 2-degree polynomial function f(x)=ax?+bx+¢, a>0, is reached for

b
x=—-—.
2a
-101
So the minimum of the function f(x) = x? — 101 x + 5050 is reached at x = —i =50, 5.
X

As 7 1s a integer, it falls 7 =50 or # = 51.
For 7= 50, 50% = 101 x50 + 5050 = 2500 and for 7 = 51, 51% = 101 x 51 + 5050 = 2500 (by symetry).
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100
Finally the minimum of Z | 7 = #&| is 2500, reached for # = 50 either » = 51.

k=1
34
2007 =2 x 2x

As 2x+3 y=2007, then y= T =900 — ? and 2 x = 3X(669 — y).
As x and y are integers and as 2 and 3 are prime numbers, it implies that x is a multiple of 3: x = 3 £ with £ positive
integet.
We write 2 x =3X(669 — ), 2X3¢=3X(669 — y) and we have y=0669 — 2+
As y=0, then 669 — 27> 0so 7 <334, 5 consequently 7 < 334 (#integer).
Reciprocally, let consider the pair (x; y) = (34 669 —2¢) for 0 < # < 334,
Yet2x+3 y=2X3++3X669—-3%x2¢=2007.
So such pair is a solution to the equation.
In conclusion, we have 334 solutions.

35

Hocus-pocus:

1 1 1 1 1 1 1
As we already seen before, — — —— = , we have =— - .
ko E+1  AEk+1) 1+k+£ 2\(—-Dk+1 Alk+1)+1

Thinking to such trick, isn't always easy.

1 1 1 1 1 1 1
S== - + - o+ - =
210 0x1+1 1x2+1 1xX2+1 2%x3+1 199200+ 1 200x201+1

1 1
- 1_—
2 200%x201 + 1

1 (40201 - 1) 20100

S=-x = .

2 40201 40201
20100

Finally 80402 § = 2x40201 X =40200.



